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Unit Quaternion

Unit Quaternion

It represents 3D rotations

q=w-+1x+ jy + kz
= (w,,¥, 2)

— (wv 77)

lall? = w? + 2% + 42 4 22 = 1



Unit Quaternion Algebra

Identity
q=(1,0,0,0)
Product

(w1, 071) - (we,v3) = (Wywe — V7 - V3, w103 + We¥] + V] X U3)

inverse

q = (wv —T, Y, —Z) q_lq — g1



Euler parameters

Unit quaternion

lglP=w?+22+3y2+22=1

q = (60761762763)

Scalar
eg = COS (g)
€1
A (8 _
es| =osin (9) a1 = (ap, c, d)
_63_
0: rotation angle l

v: rotation axis Vector



Orientation 2D

Complex Plane
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<Cartesian Coordinate> <Complex Plane>



Orientation 2D

Euler Formula

e‘i(ﬂ--l' ¢} 76

pl(0+0) _ ,i6,i0

real




Euler parameters

Unit quaternion

q = (€0,€1,€2,€3) mmmmmp (COS (g),’ﬁSiﬂ (g))
eop = COS (g)
o
€2 — Py sin (g)
es. cos (§) +dsin (§) = €2

0: rotation angle
¥: rotation axis



Rodrigues Formula

3D rotation

*Special Case
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N

)<
—
v

il
v

v/ =cos@-v+sinf

- (N X V)

*General Case

v/ =(1—cosf)(V-n)n+ cos@-v+sinb - (1 X )



Quaternion and Rodrigues: Special Case

*\Vector to Quaternion
v =cosf -V +sinf - (n X v)

v/ =cosf-v+sinf - (nv)
v = (cosf +sinf - n)v
— een,v

=
|

‘cos@-ﬁJrsinB-(ﬁx'ﬁ')—b e/

Vector = Quaternion



Quaternion and Rodrigues: Special Case

*Special Case

cosf - U+ sinf - (N X V) mpp gy

*e.g
*input *input
7= (0,0,1) v==~F
n = (0,1,0) n=7
*output *output
v =(7,7,7) v =7
*Equation
/ On /
v = e’ v' =9k /
v _otip = w1 — v =(1,0,0)
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Quaternion and Rodrigues: General Case

*Form

v = (0, ) v = (0, )
v = (O,”l;;) UVl = (0,’0})
n = (0,7) vy = (0,v})

> >?

/

= (1 ——cosB)(V-n)n+cosb-U+sinb - (7 X V)
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Rotation using Unit quaternion

*Vector to Quaternion

P1 = (07 L,Y, Z)
2

DD
N D
Na—
SN’

@

g = (cos (%), 0sin (

p2 = qp1q~*

cosl - U+sinf- (N X V) = ¢/ = e2Ppe 2"




Rotation using Unit quaternion

Rotating p by q, and q,
—1
P1 = q1pP4q,

P2 = qQ2P14q9 !

g2 = Q2(Q1pq1_1)q;1 = (q2q1)p(g2q1)~*

summary

qd — 4241

p2 = qpq !
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Tangent space of S3

3 Tangent Space T, M

Manifold M
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Tangent space of S3

« The tangent space is uniquely determined for any point

« The dimension of the tangent space is determined DoF of the manifold

Identity element

Lie Algebra: tangent space at identity

Lie Group : Manifold

The tangent space of Identity element is specifically called Lie Algebra
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Tangent space of S3

i‘f:(wf J(I j'/z‘)

, y
/ L . /
y Identity element /
/ A /
J/ U //
’f’f - :
f-

/

Lie Algehl'a: tangent space at identity |_|e Algebra iS 3-VeCtOI’ Space

Axis-angle(rotation vector)

Lie Group : Manifold
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Tangent space of S3

Identity element

Lie Group : Manifold

\___;/ .

/ 0\

/S
/" Lie Algebra: tangent space at identity
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Antipodal Equivalence

The two quaternions represent the same orientation
q2 = —q1

42pq5 " = q1pg;

 The double cover of the manifold of SO(3)
« 2-to-1 mapping
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Exponential & Logarithmic Map

Identity element

R

Lie Group : Manifold

Lie Algebra: tangent space

at identity

Lie Group : 7TtEH 22 H[ef =7

i~
Lie Algebra: H| 11X AR 2 A =7

Lie Group <—> Lie Algebra

A TH

Lie Group - Lie Algebra - Lie Group

[ Operation ]
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Exponential & Logarithmic Map

Logarithmic Mapping

Identity element

Lie Group - Lie Algebra

X z
‘l
..
i Lie Algebra: tangent space at identity

X—T . ®

fog™
Exponential Mapping

Lie Algebra > |_|e Group Lie Group : Manifold
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Exponential & Logarithmic Map

exp & Log Mapping at axis-angle

e — cosfh - fsin O

log(e™?) = 1

exp & Log Mapping at unit quaternion
q = (60, €1, €2, 63) — (COS (g) . v sin (g))

DD

log(q) =7

A

exp(hY) =g

Lie Group : Manifold

: Lie Algebra: tangen
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Exponential & Logarithmic Map

Identity element

T~
o

Lie Group : Manifold

/

/
/" Lie Algebra: tangent space at identity
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How to go from q, to q,

g2 = exp(log(qy 'q2)) a1



How to go from q, to q,

Rotation vector from g, to q,
—1
v=1og(q; "q2) % 2

log(qy " gq2)x2

)QI — 6:17]3( 2

(V]I

q2 = 65629(

)Ch
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Euler angles to Unit quaternion

Rotation vector from g, to q,

Angles: az,ay,a,
XYZ order: exp( azz)emp(%)eiﬁp(%m)

2 2
qd = 4342941

C1Cy C18983 —C381 8183 + C1C3C9
21Y2X3 — | C281 (C1C3 + 518283 (C381892 — C183

—Sz 0253 C2C3




Spherical linear interpolation (SLERP)

Interpolation

/'pm
p(e)
p(x)= (1-£)P(e) +PCI)

: (P(1) - ple)) £ + Ple)
_ ~1
v =log(q; "gq2) X 2

q(t) = qrexp(%)
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Spherical linear interpolation (SLERP)

cgeodesic
curve

= 1 exp(tv)
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Q&A
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